An online identification of variation of stiffness in structural systems has been presented in this study. The proposed technique is based on wavelet analysis. The time-frequency characteristics of the wavelets have been used in the formulation of online identification. The basis function used is a modified version of the Littlewood-Paley wavelet. The bases generated from this wavelet at different scales have the advantage of non-overlapping frequency bands which has been utilized in the frequency tracking algorithm. Further, an algorithm for detection of variation in modes shapes in timevarying linear multi-degree-of-freedom (MDOF) systems has been developed. Several types of changes in stiffness, such as a sudden jump, a ramp (gradual) change, or a sudden change with subsequent restoration of stiffness have been considered as illustrative examples in case of singledegree-of-freedom (SDOF) and MDOF systems. It has been found that the proposed technique for wavelet based online identification is efficient in tracking different types of cases considered and has potential for application in adaptive control.
Introduction
System identification of structures has emerged as an interesting and important problem in the last two decades. A significant amount of research has been carried out in relation to identification of structural dynamic systems, which includes research by Beck [6] , Doebling et al. [10] , Ghanem and Shinuzoka [12] , Hart and Yao [16] , Kozin and Natke [20] , Lin et al. [22] , Shinuzoka and Ghanem [35] , amongst others.
Recently, active and semi-active control of structures has received considerable attention by numerous researchers such as Nagarajaiah et al. [25] , Spencer and Nagarajaiah [37] , Spencer et al. [40] , Sae-Ung and Yao [42] , Wu and Yang [47] , Yang and Samali [48] , Yang et al. [49] [50] [51] [52] , to mention a few. Effective implementation of these control schemes requires online identification of structural systems.
For a single-degree-of-freedom (SDOF) system, the most important parameter of the structure to be identified is its stiffness or natural frequency. Similar information may be obtained through natural frequencies and mode shapes for a multi-degree-of-freedom (MDOF) structure. The information of stiffness and the variation of stiffness with time are of importance in designing control strategies e.g., in active and semi-active tuned mass dampers (TMDs) [37, 39, 53] . The methods for estimating parameters of a structural system may be broadly classified into two categories depending on whether these methods are based on data in time domain or the Fourier transform of the data in frequency domain. Several frequency domain methods have been used for successful identification of non-linear structural dynamic system including reverse path methods [7, 32] , identification through feedback of outputs [1] , embedded sensitivity functions [54] , and higher order frequency response functions [46] . The frequency domain methods though popular, due to their simplicity in application suffers from the drawback that they are based on average temporal information. Most of the time domain methods are also based on identifying models with time invariant parameters. However, several research efforts have also been aimed towards identifying and tracking time varying parameters either by recursive and other modified time domain techniques or by other methods including Hilbert/Gabor transformed analysis techniques (e.g., [11, 15, 18, 19, 22, 23, 26, 30, 41, 44, 45] ). Masri and Caughey [24] proposed a nonparametric identification technique for nonlinear dynamic problems. Smyth et al. [38] had obtained online estimation of the parameters of MDOF non-linear hysteretic systems based on the measurement of restoring forces. Among the time-frequency analysis tools, wavelet analysis has gained popularity in identification of systems. Being capable of retaining local frequency content information and its variation with time and having the advantage of flexible windowing over short time Fourier transform, wavelet transform methods have become powerful as techniques to identify time varying and non-linear systems [2, 3, 13, 14, 17, 21, 31, 33, 34] . Wavelet analysis provides a variety of bases function to suit specific purposes. For example, Newland [27, 28] used Harmonic wavelet for vibration analysis; Lardies and Gouttebroze [21] proposed a modified Morlet wavelet basis while Basu and Gupta [4, 5] and Chatterjee and Basu [8, 9] used a modified Littlewood-Paley (L-P) basis function for reasons suitable for specific applications.
While the wavelet analysis techniques have been successfully used mostly in offline identification of the time varying structural dynamic parameters of a system, it has the potential of online identification, using time-frequency properties. The online identification of system parameters can be achieved in a simple and computationally straightforward way by using wavelet analysis useful for adaptive control application, which has not been explored much, so far.
In this study, a wavelet based online identification of stiffness of structural system has been proposed. A modified L-P wavelet basis with wavelet packets has been used in the proposed algorithm. Formulations for a SDOF system and MDOF system have been presented. Illustrations have been used to show the efficiency of the proposed tracking algorithm.
Wavelet Based Online Identification
The online identification problem for a linear SDOF system is first considered. The natural frequency of the system is tracked.
Online Identification of SDOF System
A linear SDOF system with time varying stiffness is considered here. The equation of motion of this system may be represented as:
where, ! n t ð Þ is the time varying natural frequency, is the damping ratio, and x(t) is the displacement response due to the excitation f(t). The parameter, ! n (t) is a time varying function with discontinuities at finite number of points. Hence, the domain in time can be segmented in several intervals with the time indices t 0 < t 1 < t 2 < Á Á Á < t n such that the natural frequency ! n i t ð Þ within the interval t iÀ1 , t i ½ is a continuous function. This will lead to a sequence of time-varying linear equations each valid over an interval of time. The wavelet transform of the response x(t) can be expressed as:
where, both x(t) and the wavelet basis function t ð Þ are real functions of time. In Equation (2), ððt À bÞ=a j Þ translates and scales the basis function t ð Þ by a continuous parameter 'b' and a discrete parameter 'a j ', respectively. The scaling parameter is discretized in an exponential scale 'a j ' and the discretization is performed as a j ¼ j , where is a scalar. The wavelet coefficient W x a j , b À Á localizes information about the function x(t) around 't ¼ b' at a scale 'a j ' corresponding to the frequency band of the Fourier transform of ððt À bÞ=a j Þ i.e.,^ a j ! À Á . Since, ððt À bÞ=a j Þ is a decaying function centered around 't ¼ b', it has the advantage that the integral in Equation (2) may be performed over a finite interval b À ", b þ " ½ around 't ¼ b' without much loss of information. The choice of " would depend on the decay of ððt À bÞ=a j Þ or the related central frequency band corresponding to the scale a j . Multiplying both sides of Equation (1) by ððt À bÞ=aÞ, integrating over b À " to b þ ", where b 2 t iÀ1 À ", t iþ1 þ " ½ , and if ! n i t ð Þ is a relatively slowly varying function of time as compared to the fast decaying function ððt À bÞ=aÞ centered around 't ¼ b', ! n i t ð Þ can be taken out of the integral as approximately a constant, evaluated around 't ¼ b'. Further, using integration by parts (see [5, 43] ) leads to
for a particular band with a corresponding scale of a j . In Equation (3), the prime denotes differentiation with respect to b and W j :
ð Þ for brevity represents W :
ð Þ a j , b À Á . The modified L-P basis function (Basu and Gupta ([4] , [5] ) used as the basis function for analysis has a band-limited support in frequency domain. It is characterized by the Fourier transform given bŷ
where, F 1 is the initial cut off frequency of the mother wavelet. Taking the inverse Fourier transform of Equation (4), the wavelet basis function is given by
If the modified L-P basis function is used, then
As a consequence of the localization of the basis function in time (decay %1/t) as compared to a non-localized harmonic function, the frequency content is supported over a band F 1 =a j , F 1 =a j Â Ã . Hence, from Equation (2), it follows that the frequency content of the signalŴ j x, a function of b, will be also supported over F 1 =a j , F 1 =a j Â Ã . Thus, W j x can be assumed to be narrow banded with the central frequency ! 0j ¼ ðð þ 1Þ=2Þ Á ðF 1 =a j Þ, which is the central frequency of the jth band and can be represented as:
In Equation (6), A j (b) is the amplitude or the modulus of the wavelet coefficient function of x(t), W j x b ð Þ, and ' j is the phase. Substituting Equation (6) in Equation (3) leads to
where,
Squaring both sides of Equation (7), and integrating over b À " to b þ ", gives the local energy content of x(t) in the jth band around b, E j x b ð Þ. If f(t) is assumed to be broad banded, the energy content of f(t) in any band would be comparable in the order of magnitude to the energy content in any other band. It follows that
It can be noticed that the expression in the denominator in Equation (9) is minimum when ! n i b ð Þ is close to ! 0j . Alternatively, it may be stated that
for a lightly damped system ð ( 1Þ, which indicates that ! n i b ð Þ is contained in the jth band. Hence, the energies in the different bands would satisfy the inequality
where N is the total number of bands. Thus it may be concluded that provided the bands are narrow, ! n i b ð Þ % ! 0j , if the jth band contains the maximum energy.
If the estimation of ! n i b ð Þ is desired with a still further precision then the technique of wavelet packet can be used. This is an extension of the wavelet transform to provide further level-by-level time-frequency description and can be easily applied for L-P basis. The estimation of the time varying parameter ! ni b ð Þ 2
is refined by further re-dividing the band. The frequency band for the pth subband within the original jth band is in the
Using these wavelet coefficients, estimating the relative energy in the sub-bands and using Equation (16) , the parameter ! ni b ð Þ can be obtained more precisely.
Online Identification of MDOF System
A linear MDOF system with m degrees of freedom represented by
is considered where, [M], [C(t)], and [K(t)] are the mass, time varying damping, and time varying stiffness matrices, respectively; {R} is the influence vector for forces at different degrees of freedom and f(t) is a forcing function. The displacement response vector is denoted by {X(t)}. If the elements K lj t ð Þ; l, j ¼ 1, . . . , m in the stiffness matrix have discontinuities at a finite number of points, then it is possible to divide the time in several segments with indices arranged as t o < t 1 < t 2 < Á Á Á < t n such that all
Further, it is assumed that the variations of all K lj t ð Þ are slower than the fundamental (lowest) frequency of the system (corresponding to the longest period). It subsequently follows that assuming a variation of {X(t)} with slowly varying amplitude t ð Þ È É k i and slowly varying frequency ! k i t ð Þ at the kth mode, in the time interval t iÀ1 , t i ½ , the displacement vector and its derivatives can be represented by
Substitution of Equations (11a)-(11c) in the homogeneous free vibration equation corresponding to Equation (10) leads to the time-varying eigenvalue problem with eigenvalues !
If the system in Equation (10) is assumed to be classically damped, then substituting {X(t)} in terms of modal responses, z k (t), using
in Equation (10) and pre-multiplying both side by ½ðtÞ
, leads to the following m modal uncoupled time varying equations
In Equation (13), k is the modal damping ratio, !
is the natural frequency in the kth mode in the interval t iÀ1 , t i ½ , and f k (t) is the modal force given by
where, a i is a scalar defined by
Considering the rth degree of freedom with the displacement response state denoted by X r (t) and wavelet transforming Equation (12) yields
Since the functions, 
Following similar steps as for the SDOF system in Section 2.1, it can be concluded that for each of the modal equation given by Equation (13)
where, the parameter
. If the forcing function is assumed to be broad banded as was assumed in the case of SDOF system, then by calculating the relative energies in different bands and comparing, it may be inferred that
where N is the number of energy bands. It implies that ! k i b ð Þ corresponding to the kth mode is in the j k th band i.e., ! k i b ð Þ 2 F 1 =a j K , F 1 =a j K Â Ã and can be approximated as:
for a lightly damped system (with k ( 1), where ! 0 jk is the central frequency of the j k th band. Let the parameters
ð Þ be contained in the bands with scale parameters identified by indices j 1 , j 2 , . . . , j m , respectively. Since, the response in the kth mode, i.e., j k th band is narrow banded with frequency around
, it follows that the bands not containing the natural frequency leads to insignificant energy i.e.,
It follows from Equations (19) and (21),
which leads to the approximation
Using Equation (23) in Equation (17) yields
leading to 
if the modes are not too closely spaced. Once these bands are detected, the parameters ! k i b ð Þ can be obtained as:
The sub-band coding with wavelet packets could be applied if the parameters ! k i b ð Þ are desired to be obtained with better precision as has been discussed in the section on the SDOF system.
Once the bands corresponding to the 'm' modes with the parameters ! k i b ð Þ are obtained, the time varying mode shapes t ð Þ È É k i could be found by considering the wavelet coefficients of x r t ð Þ with the scale parameters, j k and sub-band parameter p. These wavelet coefficients can be written as
Now, considering two different states of response of the MDOF system with one considered as r ¼ 1 (without the loss of generality), the ratio of wavelet coefficients of the considered states at the time instant t ¼ b (Equation (24) or (28)), gives the rth component of the time varying kth mode as
Thus, computing these ratios for different states with r ¼ 1, 2, . . . , m and assuming k 1 b ð Þ ¼ 1 (without loss of generality), the time varying kth mode shape can be obtained.
The outlined procedure for obtaining the time varying natural frequencies and mode shapes could be shown to yield the same expressions if free or ambient vibrations induced due to an excitation with arbitrary initial conditions are considered.
Examples of Online Identification
For the purpose of illustration of the proposed algorithm for online identification of time varying SDOF and MDOF systems, first a band limited white noise excitation has been simulated. The range of frequencies is kept wide enough to cover the frequencies of the system to be identified. To maintain stationarity, the excitation has been generated by considering a number of cycles of an arbitrary number of discrete frequencies over the range so that the temporal mean square value is almost invariant. The excitation has been digitally simulated at a time step of Át ¼ 0.0104 s. For the frequency-tracking algorithm, a moving window of 400 time steps equal to 4.16 s has been chosen. The instantaneous frequency is identified based on the proposed formulation using wavelet analysis on the time histories of the response states and is updated at every time step. The identified frequency is assumed to be the central frequency of the frequency band for a particular identified scale of the L-P wavelet basis function. Figure 1 shows the tracked frequency of a SDOF system with time-invariant natural frequency, ! n ¼ 9 rad/s and damping ratio, ¼ 5%. Since, a window of 4.16 s is used, the tracking starts after an initial period of 4.16 s. The value of the initial frequency of the first band of the mother wavelet, F 1 in Equation (8) is 8.25 rad/s and a value of the scaling constant, ¼ 1.2 is used. Six bands are used in all and sub-band coding for packets are not used for this case. To investigate if a sudden or a sharp change in the natural frequency can be tracked, an example where the natural frequency of the SDOF system has been changed suddenly from 9 to 13.25 rad/s has been considered. Figure 2 shows how the natural frequency is tracked using the proposed method. As expected it requires a certain period of lag time to follow the change until it converges to the changed frequency which is the time-delay and is approximately equal to the time window (4.16 s) used for tracking. To further observe the tracking ability of the method, a case where the change in the frequency of the SDOF system is not so sharp has been considered next. The natural frequency of the system is linearly changed in the form of a ramp from 9 to 13.25 rad/s over a period ranging over 5-10 s. Thus, apart from two discontinuities of slopes at 5 and 10 s, respectively, the variation of the frequency of the system is continuous with no discontinuity of slope. The frequency in this case can be tracked closely as seen in Figure 3 . However, as six bands are used over the range of variation in frequency considered, the identification of the frequency occurs in five steps. The tracking can be more continuous by increasing the number of bands of frequencies considered for computation. To investigate if a relatively small change in stiffness can be tracked, a case where the natural frequency changes from 9 to 9.5 rad/s is considered and the results for successful tracking are shown in Figure 4 with a window width of 200 sampling points corresponding to a time delay of 2.08 s. For this, the parameters F 1 and are taken as 8.9 rad/s and 1.02, respectively. This indicates that the minimum change in stiffness that can be tracked is related to the value of and to identify a small change a relatively smaller value of will be required. Next, to illustrate the application of the tracking methodology for MDOF systems an example of a 2 DOF system has been considered. The system considered is a shear-building model (as shown in Figure 5 ) with 2 DOF subjected to base excitation. The masses are lumped at the two nodes with the masses at first and second floors as m 1 ¼ 10 unit and m 2 ¼ 15 unit, respectively. The floor stiffness for the first and second floor are k 1 ¼ 2500 unit and k 2 ¼ 4500 unit, respectively. These parameters lead to the first and second natural frequencies, ! 1 ¼ 9.04 and ! 2 ¼ 30.30 rad/s, respectively. The first and the second mode shapes are 11 tracking of the first natural frequency and the ratio 21 = 11 corresponding to the first mode shape (assuming 11 ¼ 1 without loss of generality). Similarly, Figures 8 and 9 show the tracking of the second natural frequency and the ratio 22 = 12 corresponding to the second mode shape (assuming 12 ¼ 1 without loss of generality). It can be observed that for the second mode shape, there is some fluctuation primarily in identifying the mode shape parameters. It is known that the identification problem becomes difficult for the last few modes of an MDOF system if these contain low energy or else if these are not excited. Hence, the second mode cannot be identified so accurately as the first mode for the 2 DOF system considered as the second mode has much lower participation factor when excited by base excitation.
For the purpose of verifying the mentioned cause of non-identification of the second mode shape in the 2 DOF system, an additional system (shear building model) with 5 DOF is considered. The lumped masses at the nodes from the first to the fifth floors are m 1 ¼ 30 unit, Actual Estimated Figure 6 Online tracking of fundamental frequency of a 2 DOF system. It has been observed that the second natural frequency and the second mode shape are successfully tracked. As a representative plot, the online tracking of the second mode shape value for the second degree of freedom (second floor) is shown in Figure 10 . In order to examine the ability of the proposed method to online identify system parameters in cases when excited by transient, non-white excitations; an amplitude modulated non-stationary excitation is further considered. A band limited excitation to cover the range of frequencies to be excited is simulated and modulated by a Shinozuka and Sato [36] type of amplitude modulating function (with parameters a ¼ 4, b ¼ 6.22, and g ¼ 3.11 leading to a peak of the modulating function at around 4.99 s) to generate a transient excitation. The 5 DOF structure is subjected to this base excitation with the first mode primarily excited and hence dominating the response. The proposed tracking algorithm is able to track the first mode accurately.
To further observe if the proposed method can track a sudden change in the stiffness(es) of an MDOF system and follow the recovery to the original stiffness value(s) the stiffnesses k 1 and k 2 of the 2 DOF are changed to 5000 and 5200 unit, respectively at an instant of 5.72 s in time. Subsequently, the stiffnesses are restored to their original value at 12.48 s. During the changed phase the natural frequencies and the mode shapes are changed to ! Actual Estimated Figure 11 Online tracking of fundamental frequency of a 2 DOF system with sudden change and subsequent restoration in stiffness. Actual Estimated Figure 12 Online tracking of fundamental mode shape of a 2 DOF system with sudden change and subsequent restoration in stiffness.
is a time lag in tracking the frequency and mode shape. The change in the frequency is tracked in (three) steps corresponding to the bands of frequencies considered. The second modal estimates are poor as was observed earlier and is not unexpected as discussed earlier.
Conclusions
A wavelet based online structural dynamic parameter identification method has been proposed. The developed theory can identify online variation in natural frequency of a SDOF system and the natural frequencies and mode shapes of a MDOF system arising out of change in stiffness(es). A modified L-P wavelet basis function has been used and has the advantage of adapting for wavelet packets for desired accuracy in estimation. The analytical results confirm the ability of the technique to track in several cases of stiffness variation considered here. The proposed algorithm is versatile as it has the ability to detect changes over a shorter time scale (due to a sudden event/failure) in addition to track changes due to long-term phenomenon, such as fatigue. The proposed method is simple and easy to implement for online identification and vibration control of stiffness varying structural systems.
